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a b s t r a c t
Let S be a stream surface in a flow. Letω3 be the vertical component of the vorticity on S. In
the present work we make an extension of the concept of the vorticity on S; we define the
geodesic vorticityΩ and the vortical deviationD and we present some of its properties. The
geodesic vorticityΩ will beΩ = ∂u2
∂s1
− ∂u1
∂s2
where−→u = (u1, u2, 0) is the velocity field on
S, and s1, s2 are, respectively, the arc length parameters of the lines of the maximum and
minimumnormal curvature on the surface S. The vortical deviationD will be the difference
between the geodesic vorticityΩ and the vorticityω3, that isD = Ω−ω3. Themain results
of this work are the relation betweenD and the curvatures on S (total curvature, geodesic
curvature).
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The study of the vorticity on interfacial surfaces is of considerable interest. Recent works relate the geometry of the
surfaces with the components of the vorticity—for example Wu [1], and Dopazo, Lozano and Barreras [2]. For S a steady
and free surface (both tangential components of the stress tensor vanish at the surface), Longuet-Higgins [3] shows the
relationship between the tangential components of the vorticity field on S and the normal curvatures of S. In Herrera [4] we
consider the case where S is a stream surface, and we find the relationship between the three components of the vorticity
field on S and the curvatures of the streamlines (geodesic torsion, normal curvature and geodesic curvature).
We consider a stream surface S in a flow; that is: let S be a C∞-smooth surface of R3 (oriented Euclidean three-
dimensional space) tangent to the C∞-smooth velocity vector field−→u = −→u (p, t) of the flow at any fixed time t = t0.
Let−→x be a parametrization of the smooth surface S:
−→x : U ⊂ R2 −→ R3
(ξ1, ξ2) −→ −→x (ξ1, ξ2) = (x(ξ1, ξ2), y(ξ1, ξ2), z(ξ1, ξ2)) .
We consider the velocity vector field −→u = −→u (p, t) and the vorticity vector field −→ω (p, t) = curl(−→u ) on the stream
surface S.
In the present work wemake an extension of the concept of the vorticity on the stream surface S; we define the geodesic
vorticityΩ , we define the vortical deviationD and we present its properties.
If S is a plane, we can consider Cartesian coordinates (x, y, z) in R3 such that z = 0 is the equation of S. With these
coordinates we can write the velocity vector field as −→u = (u1, u2, u3) and the vorticity vector field as −→ω = (ω1, ω2, ω3).
Then we have that u3 = 0 and that ω3 is the orthogonal component of−→ω on S. It is well-known that
ω3 = ∂u2
∂x
− ∂u1
∂y
.
We can observe, trivially, that γa(x) = (x, k1, 0), γb(y) = (k2, y, 0), with k1, k2 constants, are orthogonal lines of the
maximum andminimumnormal curvature respectively on the surface S (that is lines of curvature of S). Also we can observe
that x and y are respectively the arc length parameters of these lines.
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But, if S is not a plane, with the same approach as Batchelor [5] (Appendix 2), we can consider orthogonal curvilinear
coordinates (ξ1, ξ2, ξ3) such that ξ3 is in the direction of the outwardnormal to the surface, the surface S is given by ξ3 = 0 (in
the following section we will write this with more precision). By Dupin’s theorem, the coordinate curves of the parameters
ξ1 and ξ2 must be the lines of curvature of the surface ξ3 = 0. We will write these lines of curvature as γa(ξ1) and γb(ξ2);
we consider these lines with their arc length parameters s1 and s2 respectively, that is γa(s1), γb(s2).
Using these coordinates we can write the velocity field as−→u = (u1, u2, u3) and the vorticity field as−→ω = (ω1, ω2, ω3);
we have that u3 = 0 and that ω3 is the orthogonal component of−→ω on S. But, in the general case, we have the inequality
ω3 6= ∂u2
∂s1
− ∂u1
∂s2
.
We will callΩ = ∂u2
∂s1
− ∂u1
∂s2
the geodesic vorticity; and we will call the difference between the geodesic vorticityΩ and
the vorticity ω3,
D = Ω − ω3,
the vortical deviationon S.
The aim of the present work is to present the relation between D and curvatures on S. We will summarize this work,
writing the main results, in the last section.
2. Notation
Since our interest is in presenting a vision of the geometric situation of the stream surface S, we will introduce the
necessary notions and fix the notation. We will establish the same approach as Batchelor [5] (see Appendix 2).
We can assume that the coordinates (ξ1, ξ2) of the parametrization
−→x are orthogonal. We will write
∂
−→x
∂ξ1
=
∥∥∥∥∥∂−→x∂ξ1
∥∥∥∥∥ a =h1a, ∂−→x∂ξ2 =
∥∥∥∥∥∂−→x∂ξ2
∥∥∥∥∥ b =h2b, −→N (ξ1, ξ2) =
∂
−→x
∂ξ1
× ∂−→x
∂ξ2∥∥∥ ∂−→x∂ξ1 × ∂−→x∂ξ2 ∥∥∥ = c.
We will consider that {a, b, c} is an orthonormal direct basis (positively oriented). If this coordinate system (ξ1, ξ2) can be
completed to a triply orthogonal curvilinear coordinate system (ξ1, ξ2, ξ3) (see the note at the end of the work), then we
have a new parametrization that we will denote with the same−→x and we write
−→x : U ⊂ R3 −→ R3 (1)
(ξ1, ξ2, ξ3) −→ −→x (ξ1, ξ2, ξ3),
∂
−→x
∂ξ3
= ∂
−→x
∂ξ3
(ξ1, ξ2, ξ3) =
∥∥∥∥∥∂−→x∂ξ3
∥∥∥∥∥ c =h3c.
Then S is given by −→x (ξ1, ξ2, 0) and with Dupin’s theorem (see, for example, Do Carmo [6], page 153, or other books on
differential geometry of curves and surfaces) the curves
γa(ξ1) = −→x (ξ1, k1) = −→x (ξ1, k1, 0), γb(ξ2) = −→x (k2, ξ2) = −→x (k2, ξ2, 0),
are the lines of themaximum andminimumnormal curvature respectively on the surface S, that is, are the lines of curvature
of S.
We can write the velocity vector field−→u and the vorticity vector field−→ω on the stream surface S in the basis {a, b, c}:
−→u = (u1, u2, u3) = u1a+ u2b+ u3c =u1a+ u2b+ 0c, −→ω = (ω1, ω2, ω3) = ω1a+ ω2b+ ω3c.
Let α be the angle from a to−→u , let q = ∥∥−→u ∥∥ be the velocity of the flow. Let ka, kb be the principal curvatures; they are
the normal curvatures kn in the directions along the lines γa, γb, and are the maximum and minimum normal curvatures
respectively.
3. The vortical deviation on a stream surface
We know (see Batchelor [5], Appendix 2) that the vertical componentω3 of the vorticity on S is given in the
−→x (ξ1, ξ2, ξ3)
triply orthogonal curvilinear coordinates (1) by
ω3 = 1h1h2
(
∂(u2h2)
∂ξ1
− ∂ (u1h1)
∂ξ2
)
. (2)
Then
ω3 = 1h1h2
(
∂(u2h2)
∂ξ1
− ∂ (u1h1)
∂ξ2
)
= 1
h1h2
(
∂u2
∂ξ1
h2 + u2 ∂h2
∂ξ1
− ∂u1
∂ξ2
h1 − u1 ∂h1
∂ξ2
)
=
(
∂u2
h1∂ξ1
− ∂u1
h2∂ξ2
)
+ 1
h1h2
(
u2
∂h2
∂ξ1
− u1 ∂h1
∂ξ2
)
. (3)
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But
∂u1
∂s2
= ∂u1
∂ξ2
∂ξ2
∂s2
,
∂s2
∂ξ2
= ∥∥γ ′b(ξ2)∥∥ =
∥∥∥∥∥∂−→x∂ξ2
∥∥∥∥∥ = h2,
∂u2
∂s1
= ∂u2
∂ξ1
∂ξ1
∂s1
,
∂s1
∂ξ1
= ∥∥γ ′a(ξ1)∥∥ =
∥∥∥∥∥∂−→x∂ξ1
∥∥∥∥∥ = h1.
And we have
∂u2
h1∂ξ1
− ∂u1
h2∂ξ2
= ∂u2
∂s1
− ∂u1
∂s2
, (4)
where s1 and s2 are respectively the arc length parameters of the lines γa(ξ1), γb(ξ2).
Therefore in the general case we have the inequality
ω3 6= ∂u2
∂s1
− ∂u1
∂s2
= Ω.
We will callΩ the geodesic vorticity; and we will call the difference between the geodesic vorticityΩ and the vorticity ω3,
D = Ω − ω3,
the vortical deviation on S.
At first sight it might appear that the above formulae could be applied to any system of orthogonal coordinates on the
surface −→x (ξ1, ξ2, 0). But this is not the case. The assumption that the coordinate system is triply orthogonal implies that
the choice of coordinates (ξ1, ξ2) is special by Dupin’s theorem:
Three families of surfaces are said triply orthogonal system in an open set U ⊂ R3 if a unique surface of each family passes
through each point p ∈ U and if the three surfaces that pass through p are pairwise orthogonal. Then the surfaces of a triply
orthogonal system intersect each other in lines of curvature.
Hence for equations of this work to be generally valid, it is necessary that the coordinates curves −→x (ξ1, k1, 0) and−→x (k2, ξ2, 0)must be lines of curvature on the surface−→x (ξ1, ξ2, 0) (see the note at the end of the work).
4. Vortical deviation and the geodesic curvature
We consider
γ (r) = −→x (ξ1(r), ξ2(r), 0) = −→x (ξ1(r), ξ2(r))
a streamline on S, that is, γ : r → γ (r) is the integral curve of the vector field −→u , which satisfies γ (0) = p ∈ S, and we
know that, at least for |r| small enough, γ (r) lies in S.
We have
−→u = d (γ (r))
dr
= d
(−→x (ξ1(r), ξ2(r)))
dr
= ∂
−→x
∂ξ1
dξ1
dr
+ ∂
−→x
∂ξ2
dξ2
dr
=
∥∥∥∥∥∂−→x∂ξ1
∥∥∥∥∥ adξ1dr +
∥∥∥∥∥∂−→x∂ξ2
∥∥∥∥∥ bdξ2dr
= h1 dξ1dr a+ h2
dξ2
dr
b = √g11 dξ1dr a+
√
g22
dξ2
dr
b = u1a+ u2b, (5)
where
(
gij
)
is the first fundamental form on S.
Using (3) and (4),
D = − 1
h1h2
(
u2
∂h2
∂ξ1
− u1 ∂h1
∂ξ2
)
= − 1
2h1h2
(
u2
2h2
h2
∂h2
∂ξ1
− u1 2h1h1
∂h1
∂ξ2
)
= − 1
2h1h2
(
u2
h2
∂h22
∂ξ1
− u1
h1
∂h21
∂ξ2
)
= − 1
2h1h2
(
u2
h2
∂g22
∂ξ1
− u1
h1
∂g11
∂ξ2
)
.
Therefore with (5),
D = − 1
2
√
g11g22
(
dξ2
dr
∂g22
∂ξ1
− dξ1
dr
∂g11
∂ξ2
)
. (6)
But we know, by Gauss (see, for example, Do Carmo [6], page 252), that for every Y (r) unit tangent vector field along the
streamline γ (r)we have[∇γ ′(r)Y (r)] = 12√g11g22
(
dξ2
dr
∂g22
∂ξ1
− dξ1
dr
∂g11
∂ξ2
)
+ dβ(r)
dr
, (7)
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where β(r) is the angle from ∂
−→x
∂ξ1
(γ (r)) to Y (r) and
[∇γ ′(r)Y (r)] is the algebraic value of the covariant derivative of Y along
γ (for this algebraic value see, for example, Do Carmo [6], page 248). Therefore we obtain
D = dβ(r)
dr
− [∇γ ′(r)Y (r)] . (8)
Taking as unit tangent vector field Y (r) = −→u (γ (r))‖−→u (γ (r))‖ , and with s the arc length parameter of the streamline γ , we have
the following covariant derivative:
∇γ ′(r)
−→u (γ (r))∥∥−→u (γ (r))∥∥ = ∇ dsdr γ ′(s)
−→u (γ (s))∥∥−→u (γ (s))∥∥ = dsdr∇γ ′(s)
−→u (γ (s))∥∥−→u (γ (s))∥∥ = dsdr∇γ ′(s)γ ′(s), (9)
and dsdr =
∥∥∥ d(γ (r))dr ∥∥∥ = ∥∥−→u ∥∥ = q.
But we know (see, for example, Do Carmo [6], page 252), that[∇γ ′(s)γ ′(s)] = kg(γ (s)),
where kg is the geodesic curvature of γ . Therefore with (8) and (9) we have
D = dα
dr
(r)− qkg(γ (r)),
where α(r) is the angle from ∂
−→x
∂ξ1
(γ (r)) to γ ′(r) = −→u (γ (r)). And with the arc length parameter we obtain the following
formula (for a stream line γ with q 6= 0):
D = dα
ds
ds
dr
− qkg = dαds q− qkg
⇒ D
q
= dα
ds
− kg . (10)
Therefore, the geometric situationswhere the angleα(r) or its variation∆α appears are affected by the vortical deviation
(as in parallel transport).
For example, using Eq. (10) and Liouville’s formula (see, for example, Do Carmo [6], page 253) we have
0 = (kg)a cosα + (kg)b sinα + Dq ,
where
(
kg
)
a,
(
kg
)
b are the geodesic curvatures of the coordinate curves γa(ξ1), γb(ξ2) respectively.
5. Vortical deviation and the total curvature
Nowwe consider regular regions R ⊂ S; we say ‘‘regular’’ in the well-known sense, that is: R is compact and its boundary
∂R is the finite union of simple closed piecewise regular curves which do not intersect.
We consider that the curves of the ∂R are streamlines on S, that is
∂R = γ ∗1 ∪ · · · ∪ γ ∗n ,
where γi : [r0,i, r1,i] → S are streamlines, γ ∗i are the images γi
([r0,i, r1,i]),
γi(r) = −→x (ξ1,i(r), ξ2,i(r), 0) = −→x (ξ1,i(r), ξ2,i(r)).
We will consider ∂R positively oriented, ∂R+, therefore, as usually happens; when we consider integrals maybe we should
change signs if the orientations given by the parameters on the curves γi are contrary to the positive orientation of the
boundary ∂R. Then εi = 1 if γi with its parameter is oriented as ∂R+ or εi = −1 otherwise. We will note ∂R+ = γ .
Now, we have that the total curvature is the following surface integral:∫∫
R
Kdσ =
∫∫
−→x −1(R)
K
√
g11g22dξ1dξ2,
and using a lemma of Gauss (see, for example, Do Carmo [6], page 237),∫∫
R
Kdσ =
∫∫
−→x −1(R)
−
∂
(
1
2
√
g11g22
∂g11
∂ξ2
)
∂ξ2
+
∂
(
1
2
√
g11g22
∂g22
∂ξ1
)
∂ξ1
 dξ1dξ2.
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Then we consider, on the closure of−→x −1(R), the vector field
F (ξ1, ξ2) =
(
− 1
2
√
g11g22
∂g11
∂ξ2
,
1
2
√
g11g22
∂g22
∂ξ1
)
.
Subsequently we will use Green’s theorem, and we can use any piecewise regular parametrization of the boundary ∂R+;
then we choose the parametrizations γi(r) of the streamlines, and we have∫∫
R
Kdσ =
i=n∑
i=1
εi
∫ r1,i
r0,i
− 1
2
√
g11g22
(
dξ2,i
dr
∂g22
∂ξ1
− dξ1,i
dr
∂g11
∂ξ2
)
dr.
Then using (6) and the concept of line integral we obtain∫∫
R
Kdσ =
i=n∑
i=1
εi
∫ r1,i
r0,i
D(γi(r))dr =
i=n∑
i=1
εi
∫ r1,i
r0,i
D(γ (r))
q
∥∥γ ′i (r)∥∥ dr = i=n∑
i=1
εi
∫
γi
D
q
dγi
=
∮
∂R+
D
q
d
(
∂R+
) = ∮
γ
D
q
dγ . (11)
Therefore, the geometric situations where the total curvature appears are affected by the vortical deviation, for example
the case of the Gauss–Bonnet theorem or parallel transport.
Parallel transport is important in fluid mechanics; see for example the study of the stress in surfaces, chapter 10 of
Aris [7]. We want here to give only an example to show that the vortical deviation does indeed affect parallel transport. We
consider the following situation: Let R ⊂ S be a regular simple region and without vertices. We assume that ∂R = γ ∗ with
γ (r) = −→x (ξ1(r), ξ2(r)) is a closed streamline γ : [r0, r1] → S, γ (r0) = γ (r1), and−→u (γ (r0), r0) = −→u (γ (r1), r1). Let Y0 be
a unit vector tangent to S at γ (r0) and let Y (r), r ∈ [r0, r1] be the parallel transport of Y0 along γ . Then, using again Green’s
theorem, (7) and the lemma of Gauss, we can prove (in the same way as for the previous equations) that∫∫
R
Kdσ = ∆ϕ,
where∆ϕ = ϕ(r1)− ϕ(r0) and ϕ = ϕ(r) is a differentiable determination of the angle from ∂−→x∂ξ1 to Y (r). Therefore with Eq.
(11), ∮
γ
D
q
dγ = ∆ϕ.
That is, the variation of the angle by the parallel transport along the streamline depends on the vortical deviation.
6. Conclusions
We summarize the present work by writing out the main results:
Formulation:
Let S be a stream surface in a flow. Let −→x (ξ1, ξ2, ξ3) be triply orthogonal curvilinear coordinates such that S is given
by−→x (ξ1, ξ2, 0). Let γ (r) = −→x (ξ1(r), ξ2(r), 0) be a streamline on S. We have:
(a)
D = dα
dr
(r)− qkg(γ (r)),
where α(r) is the angle from ∂
−→x
∂ξ1
(γ (r)) to γ ′(r) and q is the velocity of the particle.
(b)
0 = (kg)a cosα + (kg)b sinα + Dq ,
where
(
kg
)
a,
(
kg
)
b are the geodesic curvatures of the coordinate curves γa(ξ1) = −→x (ξ1, k, 0), γb(ξ2) = −→x (k, ξ2, 0)
respectively.
(c) ∮
γ
D
q
dγ =
∫∫
R
Kdσ ,
where K is the Gaussian curvature of S, and R ⊂ S is a regular region of S, and ∂R+ = γ are streamlines on S.
Note: Avoiding the possible umbilical points, there always exist (ξ1, ξ2), an orthogonal local coordination on S, by lines
of curvature. For equations of this work to be generally valid, it is only necessary that Eq. (2) was true for the coordinates
(ξ1, ξ2). Since this system (ξ1, ξ2) can always be locally completed to a triply orthogonal curvilinear coordinate system
(ξ1, ξ2, ξ3), then Eq. (2) is true.
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